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Abstract 

We explore the group theoretical underpinning of noncommutative quantum me- 
chanics for a system moving on the two-dimensional plane. We show that the per- 
tinent groups for the system are the two-fold central extension of the Galilei group 
in (2 + l)-space-time dimensions and the two-fold extension of the group of transla- 
tions of R . This latter group is just the standard Weyl-Heisenberg group of standard 
quantum mechanics with an additional central extension. We also look at a further 
extension of this group and discuss its significance to noncommutative quantum me- 
chanics. We build unitary irreducible representations of these various groups and 
construct the associated families of coherent states. A coherent state quantization of 
the underlying phase space is then carried out, which is shown to lead to exactly the 
same commutation relations as usually postulated for this model of noncommutative 
quantum mechanics. 



I Introduction 

Noncommutative quantum mechanics is a much frequented topic of research these days. 
The expectation here is that a modification, or rather an extension, of standard quantum 
mechanics is needed to model physical space-time at very short distances. In this paper we 
restrict ourselves to the version of non-commutative quantum mechanics which describes 
a quantum system with two degrees of freedom and in which, in addition to having the 
usual canonical commutation relations, one also imposes an additional non-commutativity 
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between the two position coordinates, i.e., 



[Qi,Pj] = ihSijl, i,j = 1,2, 



[Qi,Q 2 ] = m, 



(1.1) 



Here the Qi, Pa are the quantum mechanical position and momentum observables, respec- 
tively, and i? is a (small, positive) parameter which measures the additionally introduced 
noncommutativity between the observables of the two spatial coordinates. The limit 
i? = then corresponds to standard (two-dimensional) quantum mechanics. The lit- 
erature, even on this rather focused and simple model, is already extensive. We refer 
to [U H3] and the many references cited therein for a review of the background and 
motivation behind the model. One could continue with this game of increasing noncom- 
mutativity between the observables by augmenting the above system by an additional 
commutator between the two momentum operators: 



where 7 is yet another positive parameter. Physically, such a commutator would signal, 
for example, the presence of a magnetic field in the system [8]. 

The purpose of this paper is two-fold. First, we undertake a group theoretical analysis 
of the above sets of commutation relations, i.e., to find the groups behind noncommuta- 
tive quantum mechanics, in the same way as a centrally extended Galilei group |llj or the 
Weyl-Heisenberg group underlies ordinary quantum mechanics. The second objective of 
this paper is to arrive at the commutation relations (jl.ip by the method of coherent state 
quantization (see, for example, [3] for a discussion of this method). This will involve con- 
structing appropriate families of coherent states, emanating from the groups underlying 
noncommutative quantum mechanics, using standard techniques (see, for example, [2]). 
It will turn out however, that the coherent states that we shall be using here are very 
different from the ones introduced in |14) . in that ours come from the representations of 
the related groups and satisfy standard resolutions of the identity condition. 

II Noncommutative quantum mechanics in the two-plane 
and the (2+l)-Galilei group 

The (2+l)-Galilei group Gq s i is a six-parameter Lie group. It is the kinematical group 
of a classical, non-relativistic space-time having two spatial and one time dimensions. It 
consists of translations of time and space, rotations in the two dimensional space and 
velocity boosts. As is well-known [llj, non-relativistic quantum mechanics can be seen 
as arising from representations of central extensions of the Galilei group. We will thus be 
concerned here with the centrally extended (2+l)-Galilei group. The Lie algebra (5 Gal of 
the group G Gal has a three dimensional vector space of central extensions. This extended 



[Pi,Pj] = i-/5ijl 



i,j = 1,2 , 



(1.2) 
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algebra has the following Lie bracket structure (see, for example, 0[6]), 

[M, R] = eijPj 
[M,H] = t) 

[N i ,H]=P i , (2.1) 

= 1, 2 and is the totally antisymmetric tensor with ei2 = — £21)- The three central 
extensions are characterized by the three central generators f) , d and m (they commute 
with each other and all the other generators). The Pi generate space translations, iV, 
velocity boosts, H time translations and M is the generator of angular momentum. 
Passing to the group level, the universal covering group G Gal , of G Gal , has three central 
extensions, as expected. However, G Gal itself has only two central extensions (i.e., f) = 0, 
identically [5]). We shall denote this 2-fold centrally extended (2 + 1)-Galilei group by 
Gq*, and its Lie algebra by <3 Gal . 

A generic element of G Gal may be written as g = (Q,(fi,R,b,v,a) = (6,(j),r), where 
6,(j) G M, are phase terms corresponding to the two central extensions, b G M a time- 
translation, R is a 2x2 rotation matrix, v G M 2 a 2-velocity boost, a G M 2 a 2-dimensional 
space translation and r = (R, b, v,a). The two central extensions are given by two 
cocycles, £^ and £ 2 , depending on the two real parameters m and A. Explicitly, these 
are, 

£l ( r . /) _ e ^(a-iiv'-vila'+6'vJiv') ) 

il{r-r') = eT( vAflv ') , where q A p = q lP2 - q 2 Pi , (2.2) 

(q = (91,92), P = (fl,P2))- 

The group multiplication rule is given by 

gg' = {e,<l>,R,b,v,a)(e',<l/,Iif,i/,v , ,a!) 

= {e + e' + ilir- r'), + ^ + ^( r; r / )j 

RR',b + b',v + Rv',a + Ra' + vb') . (2.3) 

The projective unitary irreducible representations (PURs) of G G x al , from which we can 
obtain its unitary irreducible representations, have all been computed in, e.g., |6J. In this 
paper we shall only consider the case where m ^ and A / 0. These representations, 
realized on the Hilbert space L 2 (R 2 ,<ik) (see (|3. 1|) below), are characterized by ordered 

pairs (m, 1 !?) of reals and by the number s, expressed as an integral multiple of — . Here, 
m is to be interpreted as the mass of the nonrelativistic system under study, while A 
will be seen to be related to the parameter 1? appearing in (jl.ip . The quantity s is the 
eigenvalue of the intrinsic angular momentum opearator S (representating rotations in the 



[M,N i ]=e ij N j 
[H,Pi}=0 
[N l ,N J ]=e ij D 
[Ni,P] =<%m 
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rest-frame). The physical significance of these quantities have been studied extensively 
in |3 El E] and [H]. 

Recall that we should take f) = in (|2.ip . to get the Lie algebra <5^ r In the repre- 
sentation Hilbert space of the PURs of the group G^, the basis elements of the algebra 
are realized as self-adjoint operators, the two central elements appearing as multiples of 
the identity operator. Thus, the operator representation of (Sg^ looks like 

[M, Ni] = ieijNj [M, PJ = ieijPj 

[H,P l }=0 [M,H}=0 

[N i ,N j }=ie ij \i [Pi,Pj] = 

[Ni,Pj] = i5 i3 ml [Ni, H] = iP . (2.4) 

Here the operators N{ generate velocity shifts. The other operators Pj, M, H, and I 
are just the linear momentum, angular momentum, energy and the identity operators, 
respectively, acting on L 2 (R 2 , dk) , the representation space of the PUIRs of Gg^. 

Consider next the so-called two-dimensional noncommutative Weyl-Heisenberg group, 
or the group of noncommutative quantum mechanics. The group generators are the 
operators Qi, Pj and I, obeying the commutation relations (jl.ip . The resulting algebra of 
operators is also referred to as the the noncommutative two- oscillator algebra. Realized on 
the Hilbert space L 2 (M 2 , <ix) (coordinate representation) these operators can be brought 
into the form 

~ id d ~ I'd d 

Pi = P 2 = -ih— . (2.5) 

If we add to this set the the Hamiltonian (corresponding to a mass m) 

H--— V 2 -- — (— —) (26) 
2m 2m dx 2 dy 2 ' 

the angular momentum operator, 

and furthermore, define Ni = mQi, i = 1,2, then the resulting set of seven operators is 
easily seen to obey the commutation relations 



[M, Ni] 


= ihe^Nj 


[M,P] 






[H,Pi]=0 


[M,H] 


= 


[Ni,Nj]-- 


- itijm 2 "&I 


[P,Pj] 


= 


[Ni,Pj] 


= ihSijml 


[Ni, H] 


= ihPi, 



(2.8) 
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Taking h = 1 and writing A = rr? r d this becomes exactly the same set of commutation 
relations as that in (|2.4p of the Lie algebra &q^- of the extended Galilei group. This tells 
us that the kinematical group of non-relativistic, noncommutative quantum mechanics 
is the (2+l)-Galilei Gq^, with two extensions, a fact which has already been noted and 
exploited in 



At this point we note that in terms of Qi, Qi and P\,P<2, the usual quantum mechan- 
ical position and momentum operators defined on L 2 (M?,dx dy), the noncommutative 
position operators Qi can be written as 



The above transformation is linear and invertible and may be thought of as giving a 
non-canonical transformation on the underlying phase space. Since Qi = Qi = 0, 

the noncommutativity of the two-plane is lost if the parameter i? is turned off. However, 
from the group theoretical discussion above we see that the noncommutativity of the two 
spatial coordinates should not just be looked upon as a result of this non-canonical trans- 
formation. Rather, it is also the two-fold central extension of the (2+l)-Galilei group, 
governing nonrelativistic mechanics, which is responsible for it. The extent to which the 
two spatial coordinates fail to be commutative is encoded in of the representation pa- 
rameters of the underlying group, namely, #. It is noteworthy in this context that had 
we centrally extended the (2+l)-Galilei group using only the cocycle £^ in (|2.2p (i.e., 
set i?=0), we would have just obtained standard quantum mechanics. In this sense we 
claim that the group underlying noncommutative quantum mechanics, as governed by 
the commutation relations (|2,5p . is the doubly centrally extended (2 + 1)-Galilei group. 
(It is also worth mentioning in this context that the noncommuting position operators 
Qi, arising from the (2+l)-centrally extended Galilei group, also describe the position of 
the center of mass of the underlying non-relativistic system.) (see |15j). 

Ill Quantization using coherent states associated to non- 
commutative quantum mechanics 

In this section we first write down the unitary irreducible representations of the extended 
Galilei group Gg^ r Next we construct coherent states for these representations, which we 
identify as being the coherent states of noncommutative quantum mechanics. We then 
carry out a quantization of the underlying phase space using these coherent states, ob- 
taining thereby the operators Qi,Pi (see (|l,ip ) of non-commutative quantum mechanics. 
In the literature other coherent states have been defined for noncommutative quantum 



Q2 



Qi 




(2.9) 
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mechanics - see, for example, |14j . These latter coherent states are basically the one- 
dimensional projection operators, z £ C, where \z) is the well-known canonical 
coherent state, familiar from quantum mechanics (see, for example, [2]). These coher- 
ent states have been shown to satisfy a sort of an "operator resolution of the identity" 
and have been used to study localization properties of systems obeying noncommutative 
quantum mechanics. By contrast, the coherent states which we obtain (see fj3.5j) below), 
using the representations of the group Gq* 15 i.e., the kinematical group of noncommuta- 
tive quantum mechanics, satisfy a standard resolution of the identity (see (|3.6p ). We shall 
also discuss the relationship of these coherent states to the canonical coherent states (in 
this case arising from the Weyl-Heisenberg group), for two degrees of freedom, and the 
fact that these latter can be recovered from the coherent states fj3.5 j) of noncommutative 
quantum mechanics in the limit of •& = 0. 

III.l UIRs of the group G™* 

The unitary irreducible representations of the extended Galilei group can be ob- 

tained from its projective unitary irreducible representations worked out in [6]. We take, 
as mentioned earlier, both extension parameters m and A to be non-zero. The repre- 
sentation space is L 2 (M 2 ,dk) (momentum space representation). Denoting the unitary 
representation operators by U mj \, we have, 

(£ WiA (M,#Av,a)/)(k) 

= e i(fl + ^) e i[B.(k-Jmv)+ a | I k.k+^ r vAk] s ^^ fl -l( k _ (3 -g 

for any / £ L 2 (M 2 ,dk). Here, s denotes the irreducible representation of the rotation 
group in the rest frame (spin). It is useful to Fourier transform the above representation 
to get its configuration space version (on L 2 (M 2 ,dx)). A straightforward computation, 
using Fourier transforms, leads to: 

Lemma III.l. The unitary irreducible representations of G^, in the (two-dimensional) 
configuration space are given by 

(U m , x (G, <j>,R, b, v,a)/)(x) 

= ei (e+0) e i m (x+ia).v e -^V 2 s(jR)/ f R -l L + a _^. Jv jj ; (3.2) 

d 2 d 2 

where V 2 = tt— k + tt-^, J is the 2x2 skew- symmetric matrix J = I 1 anc 

ox oy z 

f G L 2 (M 2 ,(ix). 
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III. 2 Coherent states of the centrally extended (2+l)-Galilei group 

It is easy to see from (|3.2p that the representation U m \ is not square-integrable. This 
means that there is no non-zero vector 77 in the representation space for which the function 
friig) = {v I U m ^\{g)rj) has finite L 2 -norm, i.e., for all non-zero rj 6 L 2 (R 2 ,(ix), 



I 



\fri(g)\ 2 dfi(g) = 00 



d\x being the Haar measure. 

On the other hand, the group composition law ()2.3[) reflects the fact that the subgroup 
H : = x $ x SO(2) x T, with generic group elements (9, (f>, R, b), is an abelian subgroup 
of Gq* v The left coset space X := G^/H is easily seen to be homeomorphic to M 4 , 
corresponding to to the left coset decomposition, 

(6>, </>, R, 6, v, a) = (0, 0, 1 2 , 0, v, a)(0, <f>, R, 0, 0) , (I 2 = 2 x 2 unit matrix). 

Writing q for a and replacing v by p := mv, we identify X with the phase space of the 
quantum system corresponding to the UIR U m ^\ and write its elements as (q, p). The 
homogeneous space carries an invariant measure under the natural action of Gq* v which 
in these coordinates is just the Lebesgue measure dq dp on M 4 . Also we define a section 
P : X 

/3(q,p) = (0,0,12,0, £q). (3.3) 
m 

We show next that the representation U m \ is square-integrable mod(/3, H) in the 
sense of [2] and hence construct coherent states on the homogeneous space (phase space) 
X. Let x ^ L 2 (M 2 ,cix) be a fixed vector. At a later stage (see Theorem IIII.2j) we shall 
need to impose a symmetry condition on this vector, but at the moment we leave it 
arbitrary. For each phase space point (q, p) define the vector, 

Xq, P = tW/3(q,p))x- ( 3 - 4 ) 

so that from §32$) and (pj3j) , 

Xq , P (x) = e^+H p x (x + q - ^ Jp) • (3.5) 

Lemma III. 2. For a// f,g £ L 2 (M 2 ), f/ie vectors Xq,p satisfy the square integrability 
condition 

[ (f I Xq,p)(Xq, P I 5) rfq ^ = (27r) 2 || X || 2 (/ I 5 ). (3.6) 

JM 2 xIR 2 

The proof is given in the Appendix. Additionally, in the course of the proof we have 
also established that the operator integral 



/ |Xq, P ) (Xq, P l dq dp , 

iR 2 xl 2 
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in (|6,3p converges weakly to T = 2ir \\x\\ 2 I. Let us now define the vectors 

V= /7r~n I, X, and ?7 qj p = Z7(/3(q, p))ry , (q,p)eX. (3.7) 
v2vr||x|| 

Then, as a consequence of the above lemma, we have proved the following theorem. 

Theorem III.l. The representation U m) \ in K3.2^i . of the extended Galilei group G^, 
is square integrable mod (/3, H) and the vectors ry qiP in \3. 7|) form a set of coherent states 
defined on the homogeneous space X = G^JH, satisfying the resolution of the identity 



j 



|f?q, P }(?7q,p| dp = I , (3.8) 



on L 2 (M 2 ,dx). 
Note that 



r/ qiP (x) = e^+fo) p r, (x + q - ^_ Jp) . (3.9) 

We shall consider these coherent states to be the ones associated with non-commutative 
quantum mechanics. Note that writing -d = — ^ as before, and letting ■$ — > 0, we recover 
the standard or canonical coherent states of ordinary quantum mechanics, if ry is chosen 
to be the gaussian wave function. Since this also corresponds to setting A = 0, it is 
consistent with constructing the coherent states of the (2+l)-Galilei group with one 
central extension (using only the first of the two cocycles in (I2.2p . with mass parameter 
m). 

Let us emphasize again that the coherent states (|3 . 9|) are rooted in the underlying 
symmetry group of noncommutative quantum mechanics and they are very different from 
the ones introduced, for example, in [14] and often used in the literature. These latter 
coherent states are defined as \z) = \z)(z\, z G C, where \z) is the usual canonical 
coherent state of ordinary quantum mechanics. If fj denotes the Hilbert space of a one 
dimensional quantum system moving on the line, then \z), is an element of the space 
^2(-^) OI Hilbert-Schmidt operators on Sj and this space is then taken to be the state 
space of noncommutative quantum mechanics. The coherent states \z) satisfy a resolution 
of the identity which is also of a very different nature from (|3.8p . On B2(5j) the algebra 
of operators in (|2.5p is realized by the operators Qj,Pj, i = 1,2. These have the actions 

QiX = QX, Q 2 X = $PX, 

P 1 X = H[P,X\, P 2 X = ~[Q,X], (3.10) 

on elements X of /^(-fj)- The Q and P are two operators on $), satisfying the commutation 
relation [Q, P] = il^. The state space with which we are working here and on which the 
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operators (|2,5p are realized, is L 2 (M. 2 , dx) . It is not hard to see that the unitary Wigner 
map, W : ^(io) — > L 2 (R 2 , dx) , given by 

(WX){x,y) = Tv[e'^ xQ+yP ^ X] , (3.11) 



transforms the set {Qi, P«} to the set {Qi, Pj} in (|2.5p . In other words, the formulation of 
noncommutative quantum mechanics on these two state spaces are completely equivalent. 

III. 3 Coherent state quantization on phase space leading to the non- 
commutative plane 

It has been already noted that we are identifying the homogeneous space X = G^/H 
with the phase space of the system. We shall now carry out a coherent state quantization 
of functions on this phase space, using the above coherent states of the extended Galilei 
group. It will turn out that such a quantization of the phase space variables of position 
and momentum will lead precisely to the operators (12. 5t . 

Recall that given a (sufficiently well behaved) function /(q, p), its quantized version 
Of, obtained via coherent state quantization, is the operator (on L 2 (M. 2 ,dx)) given by 
the prescription (see, for example, [3] ), 

O f = I /(q,p)|»/q,p)(»/q,p|dqrfp (3-12) 

JR 2 xR 2 

provided this operator is well-defined (again the integral being weakly defined). The 
operators O t act on a g 6 L 2 (M? , dx) in the following manner 



(6 f g)(x)= f /(q,p)77 qiP (x)|7 ^(x^fx^x' 

jr 2 xr 2 Urn. 2 



dqdp. (3.13) 



If we now take the function / to be one of the coordinate functions, /(q, p) = q^, i = 1, 2, 
or one of the momentum functions, /(q, p) = Pi, i = 1,2, then the following theorem 
shows that the resulting quantized operators O qi and (D Pi are exactly the ones given in 
(jl.ip for noncommutative quantum mechanics (with h = 1) or the ones in (|2.5p . for the 
generators of the UIRs of Gr^*, or of the noncommutative Weyl-Heisenberg group. 

Theorem III. 2. Let r/ be a smooth function which satisfies the rotational invariance 
condition, r?(x) = ry(||x||) ; for allx. £ R 2 . Then, the operators O qi ,0 Pi , i = 1,2, obtained 
by a quantization of the phase space functions q%,Pi, i = 1,2, using the coherent states 
\3. 7)) of the (2+1) -centrally extended Galilei group, GqI u are given by 

(O qi g)(x) = ( Xl + J* A) 5(X ) «^)(x) = L - ^ £-) ,( X) 



d , , , A w , d 

(V pi g){x) = -i- 
for g S L 2 (M 2 , dx) , in the domain of these operators. 



(O n g)(x) = -i^(x) (0 P2 g)(x) = -^<?(x), (3.14) 
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In (|3,14p if we make the substitution i? = — -, we get the operators (|2,5p and the 
commutation relations of non-commutative quantum mechanics (with h = 1): 

[6 qi ,6 q2 ] = m, [6 qi ,6 Pj ] = i6iji, [d Pi ,6 Pj ] = o. (3.15) 

Moreover, it ought to be emphasized here that the rotational invariance of 77, in the sense 
that 77 (x) = 77(1 |x| |) was essential in deriving (|3.14p . 

Two final remarks, before leaving this section, are in order. First, the operators Qi, Pi, 
appearing in (|2.9p . together with the identity operator /, generate a representation of the 
Lie algebra of the Wey-Heisenberg group. Thus, it would seem that the operators Qi,P{ 
are just a different basis in this same algebra. However, this only appears to be so at 
the representation level, in which both central elements of the extended Galilei group 
are mapped to the identity operator. The two sets of operators, Q%,P% and Qi,P{, in 
fact refer to the Lie algebras of two different groups namely, the (2 + 1)-Galilei groups 
with one and two extensions, respectively. Moreover, the set of commutation relations 
(jl.ip . governing noncommutative quantum mechanics, is not unitary equivalent to that 
of standard quantum mechanics (where 1? = 0). In the following section we look at 
extensions of the Weyl-Heisenberg group which will throw more light on this issue. As 
a second point, we note that the first commutation relation, between O qi and O q2 in 
(|3,15p above, also implies that the two dimensional plane M. 2 becomes noncommutative 
result of quantization. 

IV Central extensions of the abelian group of translations 
in M 4 and noncommutative quantum mechanics 

We start out with the abelian group of translations Gt in M , a generic element of which, 
denoted (q, p), obeys the group composition rule 

(q,p)(q',p') = (q + q',p + p) • (4.1) 

At the level of the Lie algebra, all the generators commute with each other. In order 
to arrive at quantum mechanics out of this abelian Lie group, and to go further to 
obtain noncommutative quantum mechanics, we need to centrally extend this group of 
translations by some other abelian group, say by M. In this section we will first discuss 
the double central extension of Gt and see that the double central extension by M yields 
the commutation relations (jl.ip of noncommutative quantum mechanics. We will, next 
go a step further and extend Gt triply by M. The Lie algebra basis will be found to 
satisfy the additional commutation relation (jl.2p between the momentum operators. We 
start by recalling some facts about central extensions, following closely the treatment of 
Bargmann in [3]. 
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Given a connected and simply connected Lie group G, the local exponents £ giving 
its central extensions are functions £ : G x G — > R, obeying the following properties: 

£(</',</) + £GtV, 5) = £GA </<?) + 9) (4.2) 
£(<7,e)=0 = £(e,<7), CO?,*? -1 ) = £Gr\<7). (4-3) 

We call the central extension trivial when the corresponding local exponent is simply a 
coboundary term, in other words, when there exists a continuous function £ : G — > R such 
that 

£(</,<?) = koftfo'.s) := C(</) + CO?) " C(</<7)- (4.4) 

Two local exponents £ and £' are equivalent if they differ by a coboundary term, i.e. 

■> 9) = Cis'id) + £,cob(9',d)- A local exponent which is itself a coboundary is said to 
be trivial and the corresponding extension of the group is called a trivial extension. Such 
an extension is isomorphic to the direct product group U(l) x G. Exponentiating the 
inequivalent local exponents yields the U(l) local factors or the familiar group multipliers, 
and the set of all such inequivalent multipliers form the well known second cohomology 
group # 2 (G,U(1)) of G. 

Theorem IV. 1. The three real valued functions £, £' and £" on Gt X Gt given by 

C((qi,Q2,pi,P2),(qi,q'2,Pi,P2)) = ^[qip'i + i2P% -piq'i -pz<U, ( 4 -5) 

^((qi,Q2,Pi,P2),(q'i,q2,p'i,P2)) = \\P1P2 -P2Pi\i (4-6) 

Z"((qi,q2,Pi,P2),(q'i,q2,Pi,P2)) = ^[<7i<7 2 - <?2<?i], (4.7) 

are inequivalent local exponents for the group, Gt, of translations in R 4 in the sense of 

The proof is given in the Appendix. 
IV. 1 Double central extension of Gt 

In this section, we study the doubly (centrally) extended group Gt where the extension 
is achieved by means of the two multipliers £ and £' enumerated in Theorem IIV.11 The 
group composition rule for the extended group Gt reads 

(M,q > p)(0 , ,^,q / ,p / ) 

= (9 + 9' + |[<q, p') -(p,q')U + ^' + f[pAp'U + q',P + p'), (4.8) 

where q = (q\, 52) and p = (pi,P2)- Also, (., .) and A are defined as (q, p) := q±pi + (/2P2 
and q A p := q±p2 — 92P1 respectively. 
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A matrix representation for the group Gt obeying the group multiplication rule 
is given by the following 7x7 upper triangular matrix 



a,/3 



1 





-fpl 


"fP2 


2 11 


a 

2 °2 
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1 










Ipi 










1 











qi 











1 








<h 














1 





Pi 

















1 


P2 




















1 



(4- 



Let us denote the generators of the Lie group Gt, or equivalently the basis of the as- 
sociated Lie algebra, Qt by 0, <&, Qi, Q2, Pi and P%. These generate the one-parameter 
subgroups corresponding to the group parameters 9, <j),pi,p2, qi and q2, respectively. The 
bilinear Lie brackets between the basis elements of Qt are given by 



[P, Qj] = a6 itj e, [Qi,Q 2 ] = [Pi, ft] = 0, [P, 0] = 0, 

[Qi,e] = o, [p,<s>] = o, [Qi,$] = o, [e,*] = o, i, 3 = 1,2 



(4.10) 



It is easily seen from (|4.10p that and $ form the center of the algebra Gt- It is also 
noteworthy that, unlike in standard quantum mechanics, the two generators of space 
translation, Q\,Q 2 , no longer commute, the noncommutativity of these two generators 
being controlled by the central extension parameter /3. It is in this context that it is 
reasonable to call the Lie group Gt the noncommutative Weyl-Heisenberg group and the 
corresponding Lie algebra the noncommutative Weyl-Heisenberg algebra. 

We now proceed to find a unitary irreducible representation of Gt- From the matrix 
representation (|4.9p we see that Gt is a nilpotent Lie group. Hence, it is convenient to 
apply the orbit method of Kirillov (see |10j ) for finding the unitary dual of the group. 

Switching to a slightly different notation, for computational convenience, we replace 
the group parameters P\,P2,q\,qi,Q and (f> by 01,02,03,04,05 and a,Q, respectively, then 
a generic group element 5(01,02,03,04,05,06) is represented by the following matrix 
(compare with (|4.9p ): 



5(01,02,03,04,05,06) 



1 

1 













"2 a l 



1 








a 

-2°2 




1 







f 04 05 



2 a 3 

-fa 2 fai 






1 






06 
Z3 
04 

Ol 

1 



(4.11) 



12 



If Xi, X2, X3, X4, X5 and Xq stand for the respective group generators, a generic Lie 
algebra element can be written as X = x 1 X\ + x 2 X2 + x 3 X% + x^X^ + x 5 Xz, + x & Xq. In 
matrix notation, X can be read off as 



X 



















a 1 
2 x 










2 










-X 3 

2 x 









-x 4 













(4.12) 



An element F G (^t) with coordinates {Xi, X2, X3, X4, X5, X§\ is now represented 
by the following 7x7 lower triangular matrix 



F = 






























































X5 Xq X3 X4 X\ X2 



(4.13) 



with the dual pairing being given as (F,X) = ti(FX) = S ^x l Xi. Hence the coadjoint 



i=l 



action K of the underlying group Gt on the dual Lie algebra (StJ can be computed as 



with 



g(a 1 ,a2,a 3 ,a4,a 5 ,a 6 ) F g(a 1} a 2 , a 3 , a 4 , a 5 , a 6 ) 



X 5 X 6 X 3 X 4 X l X 2 *. 



X[ = X 1 



a /3 

— 03X5 + — Q2Xq, 



X'o — Xo 



^3 = ^3 + -^ a l X 5, X 4 = X A + —0-2 X 5, 



a y $ y 
— a 4 A 5 - — aiA 6 , 

Xl = Xc,, XL = Xe, 



(4.14) 



(4.15) 
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The required coadjoint action K of the group on the dual algebra is therefore given 

by 



Kg{a\, a,2, 03, 04, 05, clq)(Xi, X 2 , X 3 , X 4 , X 5 , Xq) 

a f3 a (3 a 

= 0*1 ~~ -^ a 3^5 + -^^Xq, X2 — —04X5 — —01^6, A3 + —(I1X5, 

a 

A4 + — CI2X5, X5,Xq). 



(4.16) 



The entries denoted by *'s in (14. 141) are some nonzero values that we are not interested 
in. From (|4,16p one observes that the two coordinates A5 and Xq remain unchanged 
under the coadjoint action. This is expected since they correspond to the center of the 
underlying algebra. The only two polynomial invariants in this case are just P(F) = A5 
and Q{F) = Xq. The coadjoint orbits are given by the set S p , aj for some fixed real 
numbers p, a, with 



S, 



{F £ (Qx) \P(F)=p, Q(F) = a}. 



(4.17) 



Now, the first four coordinates of the vector on the right hand side of (14.16|) can be made 
zero by a suitable choice of the group parameters 01,02,03,04,05 and a^. Therefore, for 
nonzero values of p and a in (I4.17D . the vector (0, 0, 0, 0, p, a) will lie in a coadjoint orbit 
5p jCr of codimension 2. Since the dual algebra space is six dimensional, i.e., the coadjoint 
orbit in question is 4 dimensional and it passes through the point (0, 0, 0, 0, p, a). 

We next have to find the subalgebra, of correct dimension, subordinate to F (see 
(14.131) ). If we work with this appropiate polarizing subalgebra and solve the master 
equation (see [10j), the representation we end up with will be irreducible and unitary. 
The correct dimension of the polarizing subalgebra in this context turns out to be = 4. 
The maximal abelian subalgebra f) of the underlying algebra Qt serves as the appropiate 
poralizing subalgebra in this case, i.e. f) is the maximal subalgebra with i^lr^w = 0. A 
generic element of f) can be obtained from (|4.12p just by putting x 1 = x 2 = in there. 
A generic element of the corresponding abelian subgroup H can be represented by the 
following matrix 



MM,q) 



1 

1 


















nil 2<?2 













1 











1 





(12 




1 



(4.18) 



We now choose a section 5 : S = H\Gt —> Gt with <5(s) = <5(si, S2) being given by the 
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following 7x7 matrix 



S(si,s 2 ) 



1 





-§*1 
















1 








-f s2 













1 























1 























1 





Si 

















1 






















1 



(4.19) 



With all the relevant matrices at our disposal, we move on to solving the master equation, 
which in this case involves solving the matrix equation 



l 
o i 










2 


1 






-71 



Pi 



7 1 '2 



§91 






1 






r?2 



\ 



f (P2+S 2 ) #(P1+Sl) 



pi 
gi 
92 

pi 

1 P2 


f 3l«l-f 32S2 \ 

8 8 

qi 

92 
Pl+Sl 
P2+S2 
1 



(4.20) 





2 ^ 

















2 ^ 


2 ^ 





1 

















1 

















1 





E 











1 


F 














1 



BF-\ 
D 

A 
B 
E 
E 
1 



\AE - 



(4.21) 



for the unknowns A, B, C, D, E and F. Comparing ([4.20p with ([4.2ip . one gets 



A 

C 



B 



Q2, 



E=pi+S!, F=p 2 + s 2 , 



1 



a(q,s + -p), D 



P 

-p As. 
2 H 



(4.22) 



We recall that the coadjoint orbit vector, associated to which we found the polarizing 
algebra, was of the form (0, 0, 0, 0, p, a). In view of (|4.22|) . we therefore have the following 
theorem 

Theorem IV. 2. The noncommutative Weyl-Heisenberg group Gt admits a unitary irre- 
ducible representation realized on L 2 (W. 2 ,ds) by the operators U(6, (f>, q, p): 

(U(0, (f>, q, p)/)(s) = expi U + 4> - a(q, s + ip) - |p A /(s + p), (4.23) 

where f £ L 2 (R 2 ,ds). 
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Prom the one-parameter unitary groups U(9, 0, 0, 0, 0, 0), U(0, 0, q\, 0, 0, 0), etc, we 
obtain the their self-adjoint generators (on I? (M 2 , ds)) , 0, P\, P 2 , Qi and Q 2 , using 
the general formula 

.dU{<p) 



X 4 

d( t> 0=0 

Thus, we have the following Hilbert space representation of the noncentral group gener- 
ators 

A A I 3 ■ d 

P 1 =as 1 , Qi = -s 2 + i T —, 

P 2 = as 2 , Q2 = -- s i + l ^r- > 
2 ds 2 

while the two central generators and $ are both mapped to the Identity operator 1^ 
of Sj = L 2 (M?,ds). An inverse Fourier transformation leads to the expressions, (on the 
coordinate Hilbert space L 2 (M 2 ,dx)) 



(4.25) 



p • d ~ . d 

ox oy 

A d . ip d 

Ql = X ~Ydy-> Q2=V + Ydx- 

which coincide with ([2.5p if we identify a with h and —/3 with 
The commutation relations are now 

[Qi,P j ]=ia8 i jI Si , [Qi,Q2]=-tPlsi, [A,A]=0. (4.26) 

If we now set a = H and —f3 = 1), we again retrieve the commutation relations (jl.ip of 
noncommutative quantum mechanics. This means, that as in the case of the Galilei group, 
an additional central extension of the Weyl-Heisenberg group leads to non-commutative 
quantum mechanics. 

IV. 2 Triple central extension of Gt 

In this section we study the triple central extension of Gt by K and compute a unitary 
irreducible representation of the extended group Gt- We will make use of all the three 
local exponents £, £' and £" enumerated in Theorem HV.ll to do this triple extension. The 
group composition rule for the resulting triply extended Lie group Gt then reads 



(M,^,q > p)(0 , ,^' > q',p / ) 

,q + q',p + p / ). (4.27) 



+ 6' + |[(q, p') - (p, q')], + ^' + |[p A pl,^ + ^ + l[q A q'] 
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The matrix representation of Gt, consistent with the above group law, is then seen to be 



o,/3,7 



1 








-fpl 


"fP2 


a _ 
2 91 


2 <?2 








1 











-IP2 




<$> 








1 


7 


7 

3?i 








t/, 











1 











<il 














1 








(12 

















1 





Pi 




















1 


P2 























1 



(4.28) 



Let us denote the Lie algebra of Gt by Qy. Denoting the basis elements of Qt by 
0, $, Qi, Q2, Pi and P 2 , corresponding to the group parameters 8,(p,ip,pi,p2,qi and 
q2, respectively, we have the following Lie bracket relations between them 



[PuQj] = adijQ, [Q X ,Q 2 ]=P$, [Pi, Pa] =7*. [P,©] = 0, 
[Qi,6] = 0, [P f ,*]=0, [Q i9 *]=0, [Pi,*]=0, 

[Qi,*] = o, [e,$] = o, [*,*] = o, [e,*] = o, »,j = i,2. 



(4.29) 



In addition to the two central elements and $ appearing in the double extension case 
(see (|4.10p ). we have a third central element $ in f|4.29[) . which makes the two generators 
Pi and P 2 noncommutative as well, with the noncommutativity being controlled by the 
extension parameter 7. We shall call this centrally extended Lie group Gt the triply 
extended group of translations and the corresponding Lie algebra Qt the triply extended 
algebra of translations. 

It remains now to find a unitary irreducible representation of the group Gt- In doing 
so we will be following exactly the same course as for the UIR of the Gt in Section IIV.1I 
Since Gt is also a nilpotent Lie group, (see (|4.28p ). we again apply the orbit method of 
Kirillov. 

We again change notations and replace the group parameters Pi,P2,Qi, Q2,6,4> an d V 7 
by ai, CL2, as, 0,4, 05, a$ and 07, respectively. Then, a generic group element has the matrix 
representation 



g(ai, 02,03,04,05,06,07) 



1 








-f Gl 


a 

~2 a 2 


2 a 3 


a _ 
2 a 4 


a s 





1 











8 

-|a 2 


13 

2«1 


a 6 








1 


-2°4 


7 








a 7 











1 











«3 














1 








04 

















1 





Ol 




















1 


«2 























1 



(4.30) 
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Denoting by X\, X 2 , X3, X4, X$,Xq and Xj, the respective group generators, and writing 
a a generic Lie algebra element as X = x 1 Xi+x 2 X2 + x 3 X 3 + x 4 "X 4: + x 5 X 5 + x 6 Xq+x 7 X7, 
we have the matrix 



X 









a 1 
2 ^ 


_a 2 

2 ^ 


— x 3 




a 4 
2 x 


x 5 














2 th 


> 


fx 1 


x 6 








2 X 


2 x 










7 

X 






















X 3 






















4 

X 






















x 1 






















x 2 



























; F £ (g T 


\* 

J with the following 


8 


x 8 


lower 






















0" 
























































- 2 X, 
























-^x 2 

a L 










































































x 5 


Xq 


X-j X 3 


x 4 














(4.31) 



(4.32) 



where the dual pairing is given by (F, X) = tr(FX) = x l Xi. Therefore, the coadjoint 

i=l 

action of the underlying Lie group Gt on the corresponding dual Lie algebra (^Qt 
follows from the following computation 



g(ai,a 2 , a 3 , a 4 , a 5 , a 6 , a 7 )Fg(ai,a 2 , a 3 , a 4 , a 5 , a 6 , a 7 ) 1 



* 
* 

2 Y > 

-x' 

a 2, 
* 



X^ ^7 "^3 ^4 * * 



(4.33) 
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with 



2 f a 7 

-— X2 + (14X5, X 3 = —01X5 + —04X7 + X 3 , 

- , , (4 ' 34) 

X A = —0,2X5 — —0,3X7 + X4, X 5 = X5, X 6 = Xr, x v 



—Xi + 03X5, x' 2 
a 



L 7 



X 7 



The required coadjoint action of the group on the dual algebra is therefore given by 
Kg(a\, a 2 , a 3 , 04, 05, a6, 07) (Xl, X 2 , X 3 , X 4 , X 5 , X 6 , X7) 



( Xt + a 3 X 5 , — X 2 + a 4 X 5 , ^aiX 5 + Ja 4 X 7 + X 3 

a a 2 2 

, —02X5 — —03X7 + X4,Xs,Xq,Xy). 



(4.35) 



The nonzero entries denoted by *'s in (I4.33|) are of no interest to us. From (j4.35[) . one 
observes that the three dual algebra coordinates X^,Xq and X7 remain unaltered under 
the coadjoint action of the underlying group element, coming as they do from the center 
of the Lie algebra. We therefore have three polynomial invariants in our theory given by 
P(F) = X$, Q{F) = Xq and R(F) = Xj. The coadjoint orbits in this case are given by 
the sets S p> a,T with 



S, 



p,C7,T 



{Fe(g T ) I P(F) = p, Q(F) = a, R(F) = r}. 



(4.36) 



It is also obvious from (|4,35p that by choosing a±, a 2 , 03 and a 4 in a suitable manner, we 
can make all of X[, X' 2 , X' 3 and X f 4 vanishing at the same time. Therefore, for nonzero 
values of p, a and r, the vector (0, 0, 0, 0, p, a, r) will always lie in the coadjoint orbit 
Sp,a,T 01 codimension 3. In other words, the underlying coadjoint orbit S PtCTjT turns out 
to be 4 dimensional which passes through the point (0, 0, 0, 0, p, a, r) of the dual algebra 
space. 

We now have to find the maximal subalgebra subordinate to F given by (|4.32|) . This 
maximal subalgebra or the polarizing subalgebra turns out to be of the correct dimension 
^rp = 5 and hence, the representation for Gt that we end up with using the orbit method 
will be irreducible and unitary. As in the case of Gt, the maximal abelian subalgebra 
f) of the Lie algebra Qt serves as the polarizing subalgebra. A generic element of the 
corresponding abelian subgroup H can be represented by the following 8x8 matrix 



h(e,4>,ip,p 1 ,q 2 ) 



1 








-fpl 








a 

2Q2 


e 





1 














13 










1 













1> 











1 


























1 

























1 





Pi 




















1 


























1 



(4.37) 



19 



Then the section 5 : H\Gt —> Gt will be represented by the following matrix 



S(ri,s 2 ) 



1 


o 


o 


o 


--So 


-ri 

2'1 


o 


o 





1 











-§s 2 














1 





7 




















1 











n 














1 


























1 


























1 

























1 



Thus, we again have to solve the master equation, 



10 
10 
10 
1 

oooo 
oooo 



oooo 



}s 2 f n 







s 2 


o n 





1 S2 

1 



/ 1 
10 
1 



I 000 
\0 
/ 1 
10 
1 




\ 000 

V o o o 

/ 1 

10 

1 




\ 000 
\o 



Tin 



■f(p2- 





1 







\0 

«) 





1 



-fpl 





1 ~lq 2 











-f P 2 


in 


1 





§92 







1 






V- 

92 

pi 

P2 

1 



§(<Zl+n) f 92 0-f «2S2+f pin \ 



</2 



7 



f A 

B00 




(qi+ri) 


1 







-|(P2+ S2 ) f 



2 

1 








•i* 

1 








1 

1 





cx 

2 






B 

A 

V 







1 




/ 1 
10 
10 
1 

oooo 
oooo 
\ oooo 
Vo o o o 



2 






1 



— 9LW 
2 







/>-|pis 2 

gi+n 

92 

Pi 

P2+S2 

1 

f G \ 



/ 



-§F 








1 








1 







F |G 

2 ^ 





2 - 

4-4 







1 





IG 


1 



" 



2 Dr ~§ GA \ 

D+§AF 

E-2BG 

G 
B 
A 
F 
1 





G 





1 ~ 




(4.38) 



(4.39) 



(4.40) 



/ 



The unknowns A, B, C, D, E, F and G can easily be computed by comparing ([4.39P with 
g3QD- We get 



A = pi, B = q 2 , G = n+qi, F = s 2 +P2, 

„ , a a 

G = - aq 2 s 2 + a-p\r x + -q\?\ - -q2P2, 

P 7 
D = 4>- /3pis 2 - -pip 2 , E = ift + <yq 2 n + -q±q 2 . 



(4.41) 



Now, the dual algebra vector lying in the underlying four dimensional coadjoint orbit was 
found to be (0, 0, 0, 0, p, a, r). In light of (I4.4ip . we therefore have the following theorem 
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Theorem IV. 3. The triply extended group of translations Gt admits a unitary irre- 
ducible representation realized on L 2 (M. 2 ). The explicit form of the representation is given 
by 

(U(6,</>,ip,qi,q2,pi,P2)f)(ri,s 2 ) 

_ e i{0-aq2S2+ap 1 r 1 + fqipi-fq 2 p2) e i(<p-/3piS2-§PiP2) 

Xe iW>+7S2n+i< M i) j( n +qijS2+ P2 ) 7 (4.42) 

where f £ L 2 (R 2 , dr\ds2). 

Now, let us take the Fourier transform of (|4,42p with respect to the first coordinate 
r\ and call the transformed coordinate s\. The noncentral generators of Gt can be 
represented by self adjoint operators defined on L 2 (R. 2 ,ds) in the following manner 

d 

Pi = -s 1 , Qi = f3s 2 -ia—, 

P 8 6 a <443> 

P 2 = as 2 - il-^— , Q2 = , 
OSi os 2 

while the three central elements 0, $ and ^/ of the corresponding Lie algebra Qt are all 
mapped to the identity operator 1^ of the uderlying Hilbert space S) = L 2 (M?,ds). The 
corresponding commutation relations now read 

[Q i ,P j ]=iad i>j h, [Qx,Q 2 ]=-ipisy, [Pi,P 2 } = -hh. (4.44) 

Once again, if we write a = h, —f3 = t9 and replace 7 by —7 we recover (II. ip 
together with (jl.2p , the additional central extension making the two momentum operators 
noncommuting. 



V Conclusion and outlook 

We have derived the commutation relations between the position and momentum oper- 
ators of noncommuttive quantum mechanics by three different means: using the appro- 
priate unitary irreducible representations of the centrally extended (2+l)-Galilei group 
Gg a '|, of the doubly extended group Gt, of translations of M 4 , and by a coherent state 
quantization of the classical phase space variables of position and momentum, using the 
coherent states of G^. It is not hard to see, from the expressions for the unitary repre- 
sentations (I3.ip and f|4.23[) . that the same commutation relations could also be obtained 
by a coherent state quantization, using the coherent states of Gt (which could be simi- 
larly constructed). There is, as usual a positive operator valued (POV) measure naturally 
associated to the coherent states (|3.7p . Indeed, for any measurable set A of M 2 (phase 
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space), we can associate the positive operator 

a(A) = / |?7 q ,p)(?7 q ,p| dq dp . 
J A 

These define localization operators on phase space, whose marginals in q and p should 
then give localization operators in configuration and momentum spaces, respectively. For 
the canonical coherent states and standard quantum mechanics, such operators have been 
studied extensively, in e.g., (TJ [TJ. There, one understands these localization operators 
in an extended or unsharp sense. It would be interesting to do a similar study for the 
present case. 



VI Appendix 



In this Appendix we collect the proofs of some of the results quoted in the paper. 
Proof of Lemma IIII.21 

We start out by taking two compactly supported and infinitely differentiable functions 
f,g £ L 2 (R 2 ,dx). Then, 



/ (/ I Xq,p>(Xq, P I d) dqdp 

JR 2 xR 2 



dq dp 



[ e^- x '> p x ( x + q 
JR 2 xR 2 V 



Jp] xfx' + q- ^Jp 



2m 2 



2m 2 



xf(x)g(x') dx dx 



Making the change of variables, q • 



(6.1) 



2m 2 



Jp = q', 



/ dq' dp 

Jr 2 xR 2 



/ (/ I Xq,p)(Xq, P I 9) dq dp 

Jm 2 xR 2 

[ e 4 ( x - x ') P X (x + q')x(x' + q')5(x')7W dx dx' 

JR 2 xR 2 

(2tt) 2 [ dq[\! 5{x - x') X (x + q')x(x' + q')g(x')J{xj dx dx' 

JR 2 UR 2 xR 2 

(2tt) 2 [ dq' \ [ X (x + q')x(x + qOsW/M dx 

Jr 2 Ur 2 



(27r) 2 || X || 2 (/U), 



(6.2) 



the change in the order of integration and the introduction of the delta measure being 
easily justified in view of the compact supports and smoothness property of the functions 
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/ and g. Thus, introducing the formal operator 

T= / |Xq,p) (Xq.pl dq , (6-3) 

Jl 2 xR 2 

we see that for functions /, g of the chosen type, 

(f\Tg) = 2n\\ X \\ 2 (f\Ig) , 

/ being the identity operator on L 2 (R 2 ,dx). But since the compactly supported and in- 
finitely differentiable functions are dense in L 2 (M 2 ,dx), we use the continuity of the scalar 
product to extend the above equality to arbitrary pairs of functions /, g in L 2 (IR 2 ,dx), 
thus proving the lemma. □ 

Proof of Theorem HIPl 

We only work out the derivation of the first of the above equations, the others being 
obtained in similar ways. By (13. 9p and A3. 131) 



e i(x-x') P v . x + q 



2m 2 



Jp 



xr] (x' + q- </p )fl(x') dx' 



dq dp 



(6.4) 



Making the change of variables q 



2m- 



-Jp = q', and noting the form of the skew- 



symmetric matrix J from Lemma (IHI.lj) . we have 



q[ = qi + 



x 



2m 2 



P2, 



<?2 = qi 



2m 2 



Pi , 



using which (I6.4D becomes 
(O gi5 )(x) 



R 2 xR 2 



X 



2m 2 



P2 



I e t(x-x')-p ^ + q / )r?(x / + q /) 5 ( x ') dx ' 

JR 2 



dq' dp 



X 



2rn Jr 2 xR 2 



[ e^ x - x '> p r7(x + q')r?(x' + q')p(x') dx' 

/ e i(x " x ' ) ' p ? ? (x + q / )7?(x' + q , )g(x')dx / 

Jr 2 



dq'dp 
dq' dp 



(6.5) 



Let us consider the first integral in (16. q$) . Assuming r) to be sufficiently smooth functions, 
we have 



dq' dp 



[ e <(*-*')-P r/(x + q')7?(x' + q')<?(x')dx' 

Jr 2 

(2tt) 2 / q[ f ,J(x - x')] ??(x + q')r/(x' + 4)g{x!)dX 
JR 2 iJR 2 

(2vr) 2 / gi Wx + qOlVxJdq' 

JR 2 



dq' 



(6.6) 
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Making a second change of variables, x + q' = — u, the last term in (|6,6p becomes 

(2vr) 2 / ^(x + qOlVxUq' 

Jr 2 

= (2vr) 2 x 1 < 7 (x) / |77(u)| 2 du + (2vr) 2 5 (x) / Ul ^(u)| 2 ^(x) du . (6.7) 

jr. 2 Jr 2 

The second integral in the last line vanishes since, in view of the imposed symmetry, rj is 
an even function of U\. Thus, noting the normalization of rj in (|3.7p . 



/ q[ \f e i ( x - x ') p r / (x + q')r ? (x' + q0<7(x , )rfx / 

iR 2 xM 2 Ur 2 



dq dp = xig(x) 



(6i 



Next, we observe that, 




-i-^- (e 4 ( x " x ') P r)(x + q>(x' + q'^x'; 

= p 2 e i ^'> p r/(x' + q')5(x')»7(x + q') 

. 3 



+e ^-x')-P 7? ( x / + q ') 5 (x') 



^J^x + q')), 



so that the second integral in (|6.5p becomes 
A 



2m 2 



/ P2 f e i(x - x,) - p r/(x + q')r/(x' + q')s(x') dx! 

Jr 2 xr 2 Ur 2 



dq dp 



A 



2m 2 
A 
2m 2 







J (e' (x ^ x ' ) p r;(x + q')»?(x' + q.')g(x')) dx' 



[ \f { e J ( x - x ')-P7 ? ( X ' + q')5(x') 

Jr 2 xr 2 Ur 2 



dq' dp 

dq' dp. 

(6.9) 



Assuming the usual smoothness condition on rj and again introducing a delta-distribution 
in x, x', the first integral on the right hand side of (|6.9p gives 



A 



2m? 



._d_ 

dx- 



(2tt) 2 A 
2m 2 
iX d 



-) 

dx 2 J 



f e^x'^ 7 ? (x + q')r/(x' + q')#(x')d X 'l dq' dp 
Jr 2 J 

/ S(x - x')f](x + q')??(x' + q')5(x')dx / 1 dq' 
Jr 2 J 



2m 2 0X2 ' 

Similarly, the second integral (|6.9p yields 



(6.10) 



A 



2m 2 



A 











2m 2 

A 
2m 2 



/ / {5(x-x')r7(x' + q05(x' 
Jr 2 Ur 2 

5(x) / ?7(x + q') ( J ?/(x + q') dq' 



dq' dp 

dc/ 
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Introducing another change of variables, x + q' = u, this becomes 

A , r __/ . d 



5(x) L ??(u) ( _ ^) v(u) du 

f d 

5 (x) / ^—^(u) du = 0, (6.11) 



2m 2 

d 

the last equality following since, in view of the evenness of 17, the derivative term, — — 17(11) 
is an odd function. 

Thus finally, combining (|6.1ip with (|6.5p . (|6.8p . and (|6.10p . we obtain 

d_ 

2m 2 8x2 d 

□ 



(CJ 9l5 )(x)= X!-^— 5 (x) 



Proof of Theorem IIV.lt 

Using (|4,2p and (|4. 3|) . it can easily be verified that £, and £" given in Proposition 
(jIV.ip are local exponents for the group of translations Gt in M 4 . 

It remains to prove the inequivalence of the given multipliers. Let us first prove the 
fact that £1 := £ — £' is not trivial. Indeed we have, 

£l((9l,92,Pl,P2), (9l,92,Pl,P2)) 

= £((9l,92,Pl,P2), (9i,92,Pi,P2)) - £'((9l,92,Pi,P2), (9i,92,Pi,P2)) 

1 / 1 / 1 / 1 / 1 / 1 / 

= + 2 92 ^ 2 + 2 P2Pl ~ 2 Pl<?1 ~ 2 P2?2 ~ 2 PlP2 ' ^ ' 

Now from (|4.4p . it follows immediately that triviality of a multiplier 77 for some abelian 
group in terms of a suitable continous function implies the fact that rj(g,g') = r](g',g) 
holds for any two group elements of the given abelian group. By contrapositivity, 
vidid') vis'? d) guarantees the nontriviality of the multiplier in question. 
In other words, to prove the nontriviality of £i, it suffices to show that 

6((<7l,<72,Pl,£>2), (<?l,<?2)Pl,P2)) + £l((9i,92,p'l,P2)> (91, 92, Pi, P2)) 
always holds. Indeed, 

£i((9i,92,Pi>P2)> (9l,92,Pi,P2)) 

1,1, 1 , 1 , 1 , 1 , 
= + 2 92P2 + 2 P2Pl ~ 2 Pl91 ~ 2 P292 ~ 2 PlP2 ' 
= -6 ((9i, Q2,Pi,P2), (q[,q 2 ,p'i,P2))- ( 6 - 13 ) 

Let us now prove that £2 := £' — £" i s nontrivial. We have, 

6((9i,92,Pi,P2), (q'i,q2,Pi,P2)) 

= £'((9i, 92, Pi, P2), (q[,q 2 ,p'i,p'2)) ~ 6"((9l,92,Pl,P2), (9i,92,Pi,P2)) 
= 2 [P 1 ^ + 9192 - P2P1 - 929i] 

= -6((9i,92>Pi,P2),(9i,92,Pl,P2))- (6.14) 
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The above equation reflects the fact that £2 is indeed nontrivial which in turn implies 
that £' and £" are inequivalent. Hence it follows that £, £' and £" are three inequivalent 
local exponents of Gt- □ 
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